In this paper, we study a numerical approximation of the following problem ut = uxx, vt = vxx,
Introduction
In this paper, we study the behavior of a semidiscrete approximation of the following heat equations involving nonlinear boundary flux conditions :
, (x, t) ∈ (0, 1) × (0, T ), (1.1) u x (0, t) = u −m (0, t) + v −p (0, t), v x (0, t) = u −q (0, t) + v −n (0, t), t ∈ (0, T ),
x ∈ [0, 1], (1.4) where m, n ≥ 0, p, q > 0, u 0 and v 0 are positive smooth functions satisfying the compatibility conditions u 0 (0) = u −m 0 (0) + v −p 0 (0), v 0 (0) = u −q 0 (0) + v −n 0 (0), u 0 (1) = 0, v 0 (1) = 0, and u 0 , v 0 ≥ 0 and u 0 , v 0 < 0 on (0, 1].
Here [0, T ) is the maximal time interval such that ∀t ∈ [0, T ), inf min The time T can be finite or infinite. If T is finite, then we say that the solution (u, v) quenches in a finite time and T is called the quenching time of (u, v). If T is infinite, then we affirm that the solution (u, v) quenches globally.
Nonlinear parabolic systems like (1.1)-(1.4) come from chemical reactions, heat transfer, etc, where u and v represent the temperatures of two different materials during heat propagation. The quenching phenomenon of parabolic problems has been the issue of intensive study (see for example [3, 4, [8] [9] [10] and the references cited therein), particulary the study of heat equations system with nonlinear boundary conditions has been the subject of investigation of several authors in recent years (see [6, 7, 14, 15, 17] and the references cited therein). In [7] the authors study this problem, they prove that the solution (u, v) quenches in finite time T and the quenching occurs only at the boundary x = 0 for 0 < u 0 , v 0 ≤ 1. They show that • if p < n + 1, there exist initial data such that the non-simultaneous quenching occurs ;
• if q ≤ n(m+1) n+1 and p ≥ n + 1 (p ≤ m(n+1) m+1 and q ≥ m + 1), the non-simultaneous quenching occurs for any positive initial data ;
• if q ≥ m+1, p ≥ n+1, any quenching must be simultaneous and obtain of results on non-simultaneous quenching rate.
Moreover, if quenching is simultaneous they found the quenching rate, which depends on the parameter in the flux associated to the other component of the initial data.
To the best of our knowledge, no studies have been performed on the numerical approximation of equations (1.1)-(1.4). In this paper, we investigate in the numerical study using a semidiscrete form of (1.1)-(1.4), especially in study of simultaneous and non-simultaneous quenching. For that, we consider a uniform mesh on the interval [0, 1]
are the values of the numerical approximation of u and v at the nodes x i at time t. We also denote ϕ 1,i and ϕ 2,i , respectively, the values of the numerical approximation of u 0 and v 0 at the nodes x i . By the finite difference method we obtain the following system of ODEs whose the solution is (U h , V h ) :
, and b i = 0, i = 2, . . . , I.
We have
The time T h can be finite or infinite. If T h is finite, then we say that the solution (U h , V h ) quenches in a finite time and T h is called the semidiscrete quenching time of (U h , V h ). If T h is infinite, then we affirm that the solution (U h , V h ) quenches globally.
We show that our semidiscrete scheme reproduces well the conditions for the quenching, quenching set or simultaneous and non-simultaneous quenching of system (1.1)-(1.4). By following, it is also proved that when quenching occurs, the semidiscrete quenching time converges to the theoretical one when the mesh size goes to zero and we give a result on numerical non-simultaneous quenching rate. For previous work on numerical approximations of heat equations with non-linear boundary conditions we refer to [1, 2, 5, [11] [12] [13] 16] and the references cited therein. The rest of the paper is organized as follows : in the next section, we give some properties concerning our semidiscrete scheme. In Section 3, under some conditions, we prove that the solution of the semidiscrete scheme (1.5)-(1.7) quenches in a finite time, we give a result on numerical quenching set. We also show that the time derivative of the solution blows up at quenching node. In Section 4 a criterion to identify simultaneous and non-simultaneous quenching is proposed. In Section 5, we show the convergence of the semidiscrete scheme and the convergence of the quenching times to the theoretical one when the mesh size goes to zero. Finally, in the last section, we give some numerical results to illustrate our analysis.
Properties of the semidiscrete scheme
In this section, we give some auxiliary results for the problem (1.5)-(1.7).
. On the other hand, we say that
is an upper solution of (1.5)-(1.7) if these inequalities are reversed.
The following lemma is a discrete form of the maximum principle.
Then we have
Proof. Let T 0 < T h and let (Z h (t), W h (t)) = (e λt U h (t), e λt V h (t)) where λ is a real. We find that (Z h (t), W h (t)) satisfies the following inequalities : W i (t) . Since for i ∈ {0, . . . , I}, Z i (t) and W i (t) are continuous functions on a compact, we can assume that m = Z i0 (t i0 ) for a certain i 0 ∈ {0, . . . , I}.
Assume m < 0.
Taking λ negative such that
Moreover by a straightforward computation we get
but these inequalities contradict (2.1) and the proof is completed.
be lower and upper solutions of (1.5)-(1.7) respectively such that,
. We obtain
where µ i (t), ν i (t) lie, respectively, between U i (t) and U i (t), and between V i (t) and V i (t), for i ∈ {1, . . . , I}.
We can rewrite (2.4)-(2.5) as
∀t ∈ (0, T h ) and the proof is completed.
The next lemma gives the properties of the semidiscrete solution.
Proof.
is an upper solution of (1.5)-(1.7), by the Lemma 2.1 and 2.2 we have
(ii) We argue by contradiction. Assume, that t 0 the first t > 0, such that (
Without lost of generality, we can suppose that i 0 is the smallest integer which satisfies the above equality. Therefore, by simple computation,
On the one hand
and, on the other hand
Thus we have a contradiction, hence we obtain the desired result.
This fact implies the desired result.
Quenching and blow-up
by [4, 7] we prove that (U h , V h ) quenches in a finite time and (U h , V h ) blows up at quenching node.
quenches in a finite time with the only quenching node i =1.
Proof. Integrating (1.5) in time we find
summing up the above inequality we get
Proceeding as before, we find that
which yield a contradiction because U h and V h are positive for all times. Then there exists 0
To show i = 1 is the unique quenching node. In everything that follows i ∈ {1, . . . , I − 1} and t ∈ (0, T h ).
By means of Taylor expansions we have
If we use the fact that J i , δ + J i (t) and δ 2 J i (t) are nonnegative and the hypothesis on φ h , we arrive at
By using (3.3) we can get
The above inequalities implies that
We obtain
for the parameter h small enough. Thus we have
Using the Lemma 2.1 we have Z i (t) ≥ 0 and W i (t) ≥ 0, for i = 1, . . . , I − 1 and t ∈ (0, T h ). This implies
Thus by summing we obtain
The same happens for V h .
From (1.5) we arrive at
and Lemma 2.3 we arrive at
As t → T − h , the left-hand side tends to infinity while the right-side is finite. This contradiction shows that U h blows up.
Simultaneous vs. non-simultaneous quenching
In this Section we consider (U h , V h ) the solution of (1.5)-(1.7) with h fixed, and we give some sufficient conditions for the existence of simultaneous and non-simultaneous quenching. Proof. As V h does not quench, by (1.5) there exists c > 0 such that
integrating this inequality from t to T h , we get
By using (4.1) and (1.6) , we obtain
We can see that this integral diverges if q ≥ m + 1, which is a contradiction and the proof is completed. 
Then there exists a positive constant C such that for t ∈ (0, T h )
.
(4.4)
Proof. Set for i = 1, . . . , I, t ∈ (0, T h ),
A straightforward calculation gives
By virtue of Lemma 2.1
Thus we get
Assume that U h quenches (V h quenches), integrating (4.5) from t to T h , we arrive at
which implies
. Theorem 4.2. If p < n + 1, then there exist initial data such that V h quenches but U h doesn't.
Proof. We argue by contradiction. Assuming that U h and V h quench simultaneously at time T h for any initial data. We have
By using the Lemma 4.1, we obtain
As p < n + 1 this integral is converged and
By summation of (1.6) we observe that
integrate (4.6) from 0 to T h , we can obtain
then if T h is small enough (depending on U h (0) and V h (0)), U 1 (T h ) ≥ c 0 > 0. We have a contradiction with the hypothesis that U h quenches and the result is obtained as desired. Proof. Assume that there exists initial data such that U h and V h quench simultaneously at time T h . Without lost of generality, we can suppose that this initial data satisfies (4.2)-(4.3). According to (1.6)
. Hence there
. Let us consider (1.5)
Integrating both sides from 0 to T h , we obtain
We can see that the integral diverges if p ≥ n + 1, which is a contradiction. The result is obtained. We can see of the Lemma 4.1 and the proof of Theorem 4.3 that if U h (V h ) quenches at time T h , then
for t close enough to T h .
Convergence of the semidiscrete quenching time
In this section, we study the convergence of the semidiscrete quenching time. Now we will show that for
when the mesh parameter h goes to zero. We denote 
Then, for h small enough, the semidiscrete problem (1.5)-(1.7) has a unique solution (U h , V h ) ∈
Proof. Let σ > 0 be such that
Then the problem (1.5)-(1.7) has for each h, a unique solution
The relation (5.1) implies t(h) > 0 for h small enough. Using the triangle inequality, we obtain
T * ] be the discretization error. these error functions verify
where θ i (t) and Θ i (t) lie, respectively, between U i (t) and u(x i , t), and between V i (t) and v(x i , t), for i ∈ {1, . . . , I}. Using (5.2) and (5.4), there exist K and L positive constants such that
with M , Q positive constants. We can prove by the Lemma 2.2 that
We deduce that
f or t ∈ (0, t(h)). Suppose that T * > t(h) from (5.3), we obtain
Since the term on the right hand side of the above inequality goes to zero as h tends to zero, we deduce that, 1 ≤ 0, which is impossible. Hence we have t(h) = T * , and the proof is completed. Set ε > 0. There exists η > 0 such that
Applying the triangle inequality, we get
Since U h quenches, we can deduce from Lemma 4.1 and (5.5) that
The case where V h quenches is analogous.
Numerical Experiments
In this section, we present some numerical approximations to the quenching time of (1.5)-(1.7) for the initial data ϕ 1,i = ϕ 2,i = 1 + 4 Π sin Π 2 (i − 1)h for i = 1, . . . , I − 1, with different values of m, n, p and q. We also consider the implicit scheme below In Tables 1, 2 
log (2) , where h = 1/(I − 1). 1 . On the left, no quenching of U h and on the right, quenching of V h for m = 0.5, p = 1, q = 2, n = 0.5. 
Conclusion
In this work, we proposed a semi-discrete scheme, based on finite difference method in space for system of heat equations, coupled by nonlinear boundary flux. The stability and the convergence of semi-discrete scheme are proved respectively. Under some conditions the semidiscrete scheme reproduces well the conditions for the quenching, quenching set and simultaneous and non-simultaneous quenching. The analysis in this paper can be extended to more general to some systems of nonlinear parabolic equations.
